In this paper we will (1) establish a relationship between the Turan inequalities and the Laguerre inequalities, (2) provide a complete characterization of functions in the Laguerre-Polya class in terms of the Turan inequalities involving the Jensen polynomials and (3) show that certain Hankel determinants of functions in the LaguerrePolya class are nonpositive.
JENSEN POLYNOMIALS AND THE TURAN AND LAGUERRE INEQUALITIES THOMAS CRAVEN AND GEORGE CSORDAS
In this paper we will (1) oo. If φ(x) is in the Laguerre-Pόlya class, we will write φ e 3*-£P or φ e -5^(11). Also, if φ(x) is a function of type I in -S*-^, we will write φ(
x) e <&-&>(!). Now it is clear that if φ e -2%^(I), then φ e £?-
For the various properties of functions in the Laguerre-Pόlya class we refer the reader to [PS] , [O] , [CC] and the references contained therein. For the reader's convenience, we single out here a few known facts [PS] concerning functions in the Laguerre-Pόlya class. (iii) For each p, the Laguerre inequalities hold [S] ; that is, In §2, after reviewing some of the known properties of Jensen polynomials, we shall relate the Turan inequalities for an arbitrary entire function to the Laguerre inequalities and to Turan-type inequalities of the Jensen polynomials on the positive real axis (Theorem 2.3). We then prove that the requirement that the inequalities hold on the whole real axis forces φ(x) to be in S'-S*. This culminates in a complete characterization of J?-^(II) in Theorem 2.7. The section ends with a proof of a related problem of Karlin. In §3, we shall cite two open problems and give several examples which illustrate the necessity of the hypotheses in our results.
The main results.
We begin this section with the terminology and notation we will use in the sequel. If
is a real entire function, so that γ k e R, k = 0,1,2,..., then the nth Jensen polynomial associated with f(x) is defined by (2.2) g n (t) : =
The nth Jensen polynomial associated with f^p\x), p = 0,1,2,..., will be denoted by (i)Ifγ o^Of P^t) = P n^( t)(teR f π = 1,2,3,...). (ii) The sequence {g n (t)}^Lo is generated by e x f(xt)\ that is, If 7o Φ 0. the sequence {«!-P«(ί)}^=o ^ generated by e xt f(x); that is, χ (2.7) e*/(x) = ΣP n {t)x n = ΣSn(t)^f {x.t eR). (iv) (2.9) g n + ι, P ( t ) = gn,p(t) + tg n , p+ι (t) (teR, n,p = 0,l,2,...). Williamson [MW] .) But because of the factor of "2" in (2.36), this inequality does not imply the Laguerre inequalities (2.25). On the other hand, we were able to extend Vincze's ingenious argument to deduce (2.25) directly from (2.23). However, this argument is somewhat involved and since it does not yield (2.24) we will omit it here. Finally, it is evident that Theorem 2.3 remains valid, mutatis mutandis, if we merely assume that the function f(x) in ( (iv) For each k = 1,2,3,... ,n, and for real to, ifg£(to) = 0, then (v) g n +\{t) has only simple real zeros.
Proof. For each fixed n, we will prove the following implications: (ii)^(i)=^(iii)<Φ(iv)=^(v)=^(ii). Note that (i)=^>(iii) is trivial. Since Δ*(ί) = t 2n
A n (Γ ι ) for t Φ 0, and Δ*(0) = γ 2 n -γ n -ιγ n + u it is clear that (i)^(ϋ). Similarly, using the fact that g*(t) = t n g n {t~x) for t φ 0, and £*(0) = γ n , we see that (iii)^(iv). Next, assume that (iv) holds. Since γ 0 Φ 0 by assumption (cf. (2.38)) , and (d/dt)g*+ x (t) = (n + l)g*(t) and since (iv) holds, the sequence g* +i (t) 9 gJί(t),..., gξiί) = 7o, is a Sturm sequence for the interval (-00, 
., then φ(x) e
To obtain a complete characterization of the functions in J we must allow the possibility that A n (t) equals zero in Theorem 2.5, or equivalently, that the polynomial g n (t) has multiple zeros. This is done in the next theorem. Note that condition (ii)(b) is essentially the case to = oo in condition (ii)(a). We shall begin our proof of this theorem with two lemmas. and u must be a multiple zero of Δ* since Δ* > 0. Therefore, using (2.5) and Proposition 2.1(i), Proof of Theorem 2.7. We first consider necessity. Assume that <ρ{x) G -S^(II). Then, for any fixed /, we have e x φ(xt) e ^-^(Π), so that (i) is just the Turan inequalities for the coefficients in the series in (2.6). Condition (ii) holds by Lemma 2.8 and 2.9. Condition (iii) was proved in [CC, Proposition 4.5 Proof. We will prove the theorem by induction on the degree of q(x). Clearly, if deg# < 1, then (2.55) holds, since in this case
where a > 0 and q(x) has only real nonpositive zeros. Next, we assume that H 3 (q;x) < 0 for all x > 0. For x e R, set (2.57)
Then, using (2.53), a computation shows that (2.58) 50) ), -G(q;x) < 0 for x > 0 and by (2.59), I(q\x) < 0 for x > 0. Thus, using the induction assumption and the fact that a > 0, we conclude that H 3 (Q\x) < 0 for x > 0. D
We note that the use of Jensen's inequality (2.54) in the proof above could have been avoided by doing yet another induction to show that
is always nonnegative. If ω = oo, we know that <PN(X) -> ψ{x) as Λ^ -• oo, uniformly on compact subsets of C. Thus, it follows that H^{φ^\ x) -• H^(φ; x) as N -> oo, for JC > 0. Consequently, (2.62) holds with /? = 0. Since Sf-9 6 is closed under differentiation [PS] and since γ k > 0, it follows that for any p = 0,1,2,..., φW(x) can also be expressed in the form (2.64), and thus (2.62) holds for p = 0,1,2,.... Since the assertion (2.63) follows from (2.62) by setting x = 0, the proof of the theorem is complete. D COROLLARY 2.14. 
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Thus, the Turan inequalities (2.23) all hold. But then, using the notation in (2.25), we find that 
